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Abstract
We consider the wave equation for spinors in D-dimensional Weyl geometry.
By appropriately coupling the Weyl vector φµ as well as the spin connection
ωµab to the spinor field, conformal invariance can be maintained. The one loop
effective action generated by the coupling of the spinor field to an external
gravitational field is computed in two dimensions. It is found to be identical to
the effective action for the case of a scalar field propagating in two dimensions.
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I. INTRODUCTION
The effective action for gravity generated by the coupling of an external gravitational field
to quantum matter fields is of crucial importance in string theory [1,2]. The behaviour of
this induced gravitational theory under a conformal transformation is of particular interest.
In refs. [3,4], the induced gravitational action in the case of a scalar matter field propagating
in a background Weyl geometry is examined. In this paper, we extend these considerations
to the case in which the matter field is a spinor field.
In the next section we consider how to couple a spinor field to a background gravitational
field in the case of Weyl geometry in D-dimensions. We then compute the first Seely-
Gilkey/DeWitt-Schwinger coefficient E1(x,D), needed to determine the one-loop effective
action in two dimensions when using the formalism of ref. [5].
II. SPINORS IN WEYL GEOMETRY
Weyl in 1918 [6,7] introduced the idea of a conformal transformation
gµν(x)→ Ω2(x)gµν(x) (1)
on the metric tensor gµν(x). (We use the conventions of [8], except that we employ the
metric with signature ( + + + ...+) in D dimensions. ) In addition, he employed a vector
field φµ(x) in order to preserve the conformal invariance of the theory; the transformation
of φµ that accompanies that of (1) is
φµ → φµ + Ω−1∂µΩ. (2)
As is explained in [6,8], the role of φµ is to ensure that the magnitude of a vector ξ
α
(l2 = gαβξ
αξβ ) transforms as
dl = (φαdx
α)l (3)
under a conformal transformation. This in turn implies that the symmetric connection Γαβγ
is given by
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Γαβγ = −
1
2
gαλ(gλβ,γ + gλγ,β − gβγ,λ) + δαβφγ + δαγφβ − gβγφα. (4)
The curvature tensor Rµναβ is defined by
ξµ;α;β − ξµ;β;α = Rµναβξν (5)
where
ξµ;ν = ξ
µ
,ν − Γµλνξλ (6)
and hence
Rµναβ = −Γµνα,β + Γµνβ,α + ΓµλβΓλνα − ΓµλαΓλνβ. (7)
We also find from these equations that
gµν;λ = −2gµνφλ, (8)
so that
gµν;λ = +2gµνφλ. (9)
Consequently, we find that
ξµ;µ =
1√
g
(
√
gξµ),µ −Dφµξµ
= gµν(ξµ;ν)− (D − 2)φµξµ (10)
and therefore
ξα;β;γ − ξα;γ;β = Rαηβγξη + 2ξα(φβ;γ − φγ;β). (11)
Since ψ;β;γ − ψ;γ;β = 0, we see that if ψ = gτλξτξλthen
ξαξηRαηβγ + ξ
2(φβ;γ − φγ;β) = 0 (12)
and hence Rαηβγ is not anti-symmetric in the indices α and η.
3
We now consider the vierbein field eµa defined so that
gµν = η
abeµaeνb (13)
and
ηab = g
µνeµaeνb. (14)
By (8) and (9), we see that
eµm;λ = −eµmφλ (15)
and
eµm;λ = eµmφλ. (16)
These equations, when combined with the definition of the covariant derivative of eµm,
eµm;λ = e
µm
,λ − Γµκλeκm + ω mλ neµn (17)
show that the spin connection is given by
ωλma = −1
2
(
eκm,λeκa − eκa,λeκm
)
− 1
2
eκmeλa,κ +
1
2
eκaeλm,κ
+
1
2
gpiλ
(
eκme
pi
a,κ − eκaepim,κ
)
− φaeλm + φmeλa. (18)
Under the conformal transformations of (1) and (2), we find that
eµa → Ωeµa (19)
Γαβγ → Γαβγ (20)
ωµmn → ωµmn (21)
and
R→ Ω−2R (22)
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where R = gµνRµν and Rµν = R
λ
µλν .
A conformally invariant coupling between the gravitational field defined by φµ and gµν
and a spinor field ψ is given by
S =
∫
dDx eψ¯ecµ
[
iγc
(
∂µ +
1
2
ωµabσ
ab +
D − 1
2
φµ
)]
ψ (23)
where γc is a set of D-dimensional Dirac matrices satisfying {γa, γb} = 2ηab, and σab =
(1/4) [γa, γb]. The field ψ undergoes the conformal transformation
ψ → Ω−(D−12 )ψ (24)
in conjunction with (1) and (2). A term of the form eψ¯
√
Rψ in (23) would also be conformally
invariant, but will not be considered due to its non-polynomial dependence on R.
At one-loop order, the effective action for gravity due to the propagation of the spinor
field ψ in (23) is given by detD/ where
D/ = ecµγc
(
∂µ +
1
2
ωµabσ
ab +
D − 1
2
φµ
)
. (25)
Since D/ is linear in the derivatives, we will replace detD/ by det1/2 (D/ 2). Despite the fact
that D/ is not Hermitian due to the term proportional to φµ in (23), the anti-Hermitian part
of D/ 2 does not contribute in two dimensions as is demonstrated by the following calculation
in which D/ 2 is simplified.
If γµ = eµcγ
c and Dµ = ∂µ +
1
2
ωµabσ
ab + D−1
2
φµ, then by (25),
D/ 2 = γµ ([Dµ, γ
ν ] + γνDµ)Dν (26)
with
[Dµ, γ
ν ] = eνa,µγ
a +
1
2
ωµabe
ν
c
[
σab, γc
]
(27)
where in both four and two dimensions
[σab, γ
c] = γaδ
c
b − γbδca. (28)
Together, (15), (17) and (27) yield
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[Dµ, γ
ν ] =
[
Γνµκe
κ
p − eνpφµ
]
γp (29)
so that
D/ 2 =
[
eµq (δ
qp + 2σqp)
(
Γνµκe
κ
p − eνpφµ
)
+ (gµν + 2σµν)Dµ
]
Dν . (30)
We also can use the relation
eµqe
κ
pδ
qpΓνµκ = g
µκΓνµκ
which by (4) becomes
= gνσ,σ +
1
2
gνλgµσgµσ,λ + (2−D)φν . (31)
Consequently as
1
2
gµσgµσ,λ =
1√
g
∂
√
g
∂xλ
(32)
we have
D/ 2 =
[
1√
g
(√
ggνλ
)
,λ
+ (1−D)φν − 2σqpeµqeνpφµ + (gµν + 2σµν)Dµ
]
Dν . (33)
We now find that as
σµνDµDν =
1
2
σµν [Dµ, Dν ]
=
1
2
σµν
[D − 1
2
(φν,µ − φµ,ν) + 1
2
σab (ωνab,µ − ωµab,ν) + 1
4
ωµabωνcd
[
σab, σcd
]]
(34)
with
[σab, σcd] = − [ηacσbd − ηadσbc + ηbdσac − ηbcσad] ,
( and, in four dimensions {σab, σcd} = 12 [−ηacηbd + ηadηbc + ǫabcdγ5]) we have
σµνDµDν =
1
2
σµν
[(D − 1
2
)
Fµν − 1
2
σabRµνab
]
. (35)
This involves use of the relations Rµνab = −ωνab,µ + ωµab,ν − ωµamω mν b + ωνamω mµ b with
Rµνab = e
α
ae
β
bRµναβ and Fµν = φν,µ − φµ,ν .
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We also have
− 2σqpeµqeνpφµDν = 2AνD˙ν
=
1√
g
[(
D˙µ + Aµ
)√
ggµν
(
D˙ν + Aν
)
− D˙µ (√ggµν) D˙ν
−
(
D˙µ
√
ggµνAν
)
−√gAµAµ
]
(36)
where
Aµ = σµνφν (37)
and
D˙µ ≡ ∂µ + 1
2
ωµabσ
ab, (38)
( so that
(
D˙µ
√
ggµνAν
)
=
(√
ggµνAν
)
,µ
+ 1
2
√
ggµν
[
ωµabσ
ab, Aν
]
) as well as
[
1√
g
(gµν
√
g)
,µ
+ (1−D)φν + gµνDµ
]
Dν =
1√
g
D˙µ (
√
ggµν) D˙ν −
(D − 1
2
)2
φνφ
ν
+
(D − 1
2
)
1√
g
(
√
ggµνφµ),ν . (39)
Together (30),(35) and (36) reduce (26) to
D/ 2 =
1√
g
[(
D˙µ + Aµ
)√
ggµν
(
D˙ν + Aν
)
−
(
D˙µ
√
ggµνAν
)
−√gAµAµ −
(D − 1
2
)2√
gφµφ
µ
+
D − 1
2
(
√
ggµνφµ),ν
]
+ σµν
[(D − 1
2
)
Fµν − 1
2
σabRµνab
]
. (40)
We note that D/ 2 is not Hermitian due to the presence of the terms −
(
D˙µ
√
ggµνAν
)
+
D−1
2
σµνF
µν in (40). However, as we shall show in the next section, these terms do not
contribute to the effective action in two dimensions.
III. THE EFFECTIVE ACTION FOR GRAVITY
In order to compute the effective action for gravity induced by the propagation of a
spinor in two-dimensional Weyl geometry, we use the formalism of ref. [5]. In this approach,
we consider the operator
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∆/ = e1/2 (iD/) e−1/2 (41)
where D/ is defined in (25). If we make the transforms of eqs. (1), (2), (19 - 22) so that
∆/→ ∆¯/, then it is easy to see that in all dimensions
∆/ = Ω1/2∆¯/Ω1/2 (42)
and thus the formalism used to determine effective action for spinors propagating in a
Riemannian background in ref. [5] can be used in the case of a Weyl background; the
one difference being that the expansion coefficient E1(x) given in (A21) must be used in
conjunction with the explicit forms for Vµ and X that occur in (40), viz.
Vµ =
1
2
ωµabσ
ab + σµνφ
ν (43)
and
X =
1√
g
[(
D˙µ
√
ggµνAν
)
+
√
gAµA
µ +
1
4
√
gφµφ
µ − 1
2
(
√
ggµνφν),µ
]
− 1
2
σµν
(
Fµν − σabRµνab
)
.
(44)
Since in two dimensions σµν =
1
2i
ǫµνγ5, tr (σ
µν) = 0 and tr (σµνσαβ) = −12 (δµαδνβ − δµβδνα)
we see that
tr (E1(x)) =
1
4π
tr
[
2
(
1
2
ωµabσ
ab + σµνφ
ν
)
φµ − 1√
g
[(
D˙µ
√
ggµνAν
)
+
√
gAµA
µ +
1
4
√
gφµφ
µ
−1
2
(
√
ggµνφν),µ
]
+
1
2
σµν
(
Fµν − σabRµνab
)
− 1
3
gαβφα;β − 1
6
R
]
=
1
24π
[
R + 2gαβ (φα);β
]
. (45)
Since in D dimensions [6,8] R = R˙ + (D − 1)(D − 2)φαφα − 2(D − 1) 1√g
(√
gφα
)
,α
where
R˙ is the Ricci scalar in the limit φα → 0, tr (E1) = 124pi R˙, which is the Riemannian space
limit. (Those contributions to X in (44) that come from the non-Hermitian parts of H have
vanishing trace and hence do not contribute to the effective action, as was noted at the end
of the preceding section.)
The result of (45) is precisely the same as the result that one obtains for a model in which
a scalar propagates in a two-dimensional space with Weyl geometry [3,4]. Consequently, the
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arguments of [5] can be used in the same way that they were in the scalar case, and we
obtain
Seff =
1
24π
∫
d2x
√
g
[
−σ
(
R +
2√
g
(√
gφλ
)
,λ
)
+ σ✷σ
]
(46)
(where σ = ln (Ω−1) ). The integrand in (46) reduces to what occurs in Reimannian space
in two dimensions as was argued above. Hence in two dimensions, the effective action for
gravity induced by the propagation of a spinor in a background with Weyl geometry is
identical to what one obtains with Riemannian background.
IV. DISCUSSION
We have analyzed in some detail the formalism appropriate for a spinor field propagating
in a space-time with Weyl geometry. Despite the fact that the action for the spinor field is
not Hermitian, we have shown that the anti-Hermitian contribution does not contribute to
the effective action for gravity in two dimensions that is induced by the propagation of the
spinor field. Indeed, the spinor contribution turns out to be precisely equal to that of the
scalar field in two dimensions.
Currently we are considering expanding our considerations to include a version of super-
gravity that involves Weyl geometry in the bosonic sector.
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APPENDIX A:
In this appendix we consider the matrix element
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Mxy = 〈x|e−Ht|y〉 (A1)
for the operator
H = − 1√
g
(∂µ + Vµ)
√
ggµν (∂ν + Vν) +X. (A2)
In order to compute the coefficient E1(x) in the expansion [9]
Mxx =
1
tD/2
[
E0(x) + E1(x)t+ E2(x)t
2 + ...
]
(A3)
we employ the approach of [10,11] in conjunction with a normal coordinate expansion, as
was employed in the non-linear sigma model [12].
We begin by expanding the metric tensor in normal coordinate about a point x to the
order that will eventually be required to obtain E1(x),
gµν (x+ π(ξ)) = gµν + gµν;λξ
λ +
1
2
[
gµν;λσ +
1
3
(
Rκλµσgκν +R
κ
λνσgκµ
)]
ξλξσ + ... (A4)
which, by (8), becomes
= gµν + 2gµνφλξ
λ +
1
2
[
4gµνφλφσ + gµν (φλ;σ + φσ;λ) +
1
3
(
Rκλµσgκν +R
κ
λνσgκµ
)]
ξλξσ + ...
(A5)
Consequently, we find that
√
g (x+ π(ξ)) = exp
[
1
2
tr [ln(gµν)]
]
=
√
g
[
1 +Dφ.ξ + D
2
2
(φ.ξ)2 +
D
2
φλ;σξ
λξσ +
1
6
Rλσξ
λξσ + ...
]
(A6)
and so
1√
g (x+ π(ξ))
=
1√
g
[
1−Dφ.ξ + D
2
2
(φ.ξ)2 − D
2
φλ;σξ
λξσ − 1
6
Rλσξ
λξσ + ...
]
. (A7)
We also will have occasion to use the expansions
Vµ (x+ π(ξ)) = Vµ + Vµ;λξ
λ +
1
2!
(
Vµ;λ;σ +
1
3
RκλµσVκ
)
ξλξσ + ... (A8)
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and
X (x+ π(ξ)) = X +X;λξ
λ +
1
2!
X;λ;σξ
λξσ + ... (A9)
For purpose of illustration, we now let X = Vµ = 0 in (A2), so that
H = − 1√
g
∂µ
√
ggµν∂ν
=
(
1 + Yλξ
λ + Yλσξ
λξσ
)
pµ
(
δµν + Zµνλ ξ
λ + Zµνλσξ
λξσ
)
pν (A10)
to the order which we need to compute E1(x). (Here we have defined p to be −i∂ and have
assumed gµν(x) = δµν .) In order to expand Mxx in (A1) in powers of t as in (A3), we follow
the approach of [10,11]. This involves first using the Schwinger expansion [13]
e−(H0+H1)t = e−H0t + (−t)
∫ 1
0
du e−(1−u)H0tH1e
−uH0t
+(−t)2
∫ 1
0
du u
∫ 1
0
dv e−(1−u)H0tH1e
−u(1−v)H0tH1e
−uvH0t + ... (A11)
where H0 is independent of ξ
λ, and then converting this into a power series in t by inser-
tion of complete sets of momentum states and then performing the appropriate momentum
integrals.
Explicitly, we find that to the order that contributes to E1,
Mxx ≈ 〈x|
[
(−t)
∫ 1
0
du e−(1−u)p
2t
(
Yαβξ
αξβp2 + pµZ
µν
αβξ
αξβpν + Yαξ
αpµZ
µν
β ξ
βpν
)
e−up
2t
+(−t)2
∫ 1
0
du u
∫ 1
0
dv e−(1−u)p
2t
(
Yαξ
αp2 + pµZ
µν
α ξ
αpν
)
e−u(1−v)p
2t
×
(
Yβξ
βp2 + pλZ
λσ
β ξ
βpσ
)
e−uvp
2t + ...
]
|x〉. (A12)
If we now insert complete sets of position and momentum states into (A12) we obtain
Mxx ≈ (−t)
∫ 1
0
du
∫
dpdq
(2π)2D
∫
dz e−i(p−q).ze−[(1−u)p
2+uq2]t
(
Yαβz
αzβq2 + pµZ
µν
αβz
αzβqν
)
+(−t)
∫ 1
0
du
∫
dpdqdr
(2π)3D
∫
dz1dz2 e
−i[(p−q).z1+(q−r).z2]e−[(1−u)p
2+ur2]t
(
Yαz
α
1 qµZ
µν
β z
β
2 rν
)
+(−t)2
∫ 1
0
du u
∫ 1
0
dv
∫
dpdqdr
(2π)3D
∫
dz1dz2 e
−i[(p−q).z1+(q−r).z2]e−[(1−u)p
2+u(1−v)q2+uvr2]t
×
(
Yαz
α
1 q
2 + pµZ
µν
α z
α
1 qν
) (
Yβz
β
2 r
2 + qλZ
λσ
β z
β
2 rσ
)
. (A13)
11
It is now a straightforward exercise to first integrate over zi in (A13), and then after utilizing
the resulting delta functions, evaluate the momentum integrals over p,q and r (all of which
are Gaussian). We finally arrive the result
Mxx ≈ t
(4πt)D/2
[
Yαα
(
−D
6
+
2
3
)
+
(
−1
6
Zµµνν −
1
3
Zµνµν
)
+YαYα(D + 2)
(D − 4
48
)
+ YµZ
µν
ν
(
−D
12
+
1
3
)
+ YµZ
νν
µ
(D − 4
24
)
+
(
1
24
Zµνα Z
µν
α +
1
12
Zµνλ Z
µλ
ν +
1
48
Zµµλ Z
νν
λ −
1
12
Zµλµ Z
νν
λ
)]
. (A14)
If in (A10) we were to include X and Vµ as in (A2), then by employing the expansions of
(A8) and (A9), we find that in order to determine E1(x), (A14) must be supplemented by
Mxx ≈ t
(4πt)D/2
(−VνY ν −X) . (A15)
It is now possible to determine E1 for the particular case in which Yα, Yαβ, Z
µν
α and Z
µν
αβ are
fixed by the expansions (A5 - A9). We find that these imply that
Yα = −Dφα (A16)
Yαβ =
D2
2
φαφβ − D
4
(φα;β + φβ;α)− 1
6
Rαβ (A17)
Zµνα = (D − 2)gµνφα (A18)
and
Zµναβ =
[
gµν
(D2
2
− 2D + 2
)
φαφβ + g
µν
(D
4
− 1
2
)
(φα;β + φβ;α)
+
1
6
gµνRαβ − 1
6
(
Rµ να β +R
ν µ
α β
)]
. (A19)
Together, (A14 - A18) imply that when D = 2,
Mxx ≈ t
(4πt)
(
2Vµφ
µ −X − 1
3
gαβφα;β − 1
6
R
)
. (A20)
By (A20) we see that in two dimensions
4πE1(x) = 2Vµφ
µ −X − 1
3
gαβφα;β − 1
6
R (A21)
when considering the operator H in (A2).
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